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A Survey on Spaces of Homomorphisms to Lie Groups
Frederick R. Cohen and Mentor Stafa
Dedicated to Samuel Gitler Hammer,
who brought us much joy and interest in Mathematics.
Abstract The purpose of this article is to give an exposition of topological properties
of spaces of homomorphisms from certain finitely generated discrete groups to Lie
groups G, and to describe their connections to classical representation theory, as
well as other structures. Various properties are given when G is replaced by a small
category, or the discrete group is given by a right-angled Artin group.
Key words: space of homomorphisms, representation variety, small category, right-
angled Artin group
1 Introduction
Let pi be a finitely generated discrete group and G a Lie group. In this paper we
describe features of spaces of group homomorphisms from pi to G denoted by
Hom(pi ,G), which is given the subspace topology of the Cartesian product of a
finite number of copies of G.
Spaces of group homomorphisms Hom(pi ,G) exhibit interesting properties. They
have played an important role in mathematical work related to physics going back to
work of E. Witten [31, 32], who considered spaces of commuting pairs and triples in
certain Lie groups. Following the same lines but using different methods A. Borel,
R. Friedman and J. Morgan developed the space of commuting as well as almost
commuting pairs and triples [9], i.e. pairs and triples commuting up to an element in
the center. The spaces have also been studied by V. Kac and A. Smilga [19] and W.
Goldman [15] as well as T. Friedmann and R. Stanley [14].
The group G = Gad acts by conjugation on the space Hom(pi ,G). The quo-
tient space M(pi ,g) = Hom(pi ,G)/Gad is called the representation space (or moduli
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space or representation variety, character variety) of pi in G. Representation vari-
eties for fundamental groups of surfaces in compact Lie groups have been studied
in the context of gauge theories and hyperbolic geometry when G is the complex
or real projective special linear group. These spaces also admit natural symplectic
structures as discovered by W. Goldman [16].
Recently the subject experienced mathematical development in a different direc-
tion. Here, we restrict to homotopy theoretic properties of Hom(pi ,G). A. Adem and
F. Cohen [1] considered the problem in the framework of spaces of homomorphisms
Hom(pi ,G), where pi is the free abelian group of any rank n. These spaces split when
suspended once as given in Theorem 1.
Properties of Hom(pi ,G) have been developed in [14] in case G is a finite group.
Using a different approach, the authors [27, 12] assemble all the spaces Hom(Zn,G)
into a larger, more tractable space Comm(G) reminiscent of a Stiefel manifold. This
is discussed in more detail in the following sections. A few problems at the interface
of these subjects are posed at the end of this article.
The spaces Hom(Zn,G) also admit the structure of simplicial spaces. Their ge-
ometric realization, denoted by B(2,G) was introduced by A. Adem, F. Cohen and
E. Torres-Giese [2]. One curious connection arises by turning the natural map
B(2,G)→ BG
into a fibration with homotopy fibre denoted E(2,G). Basic properties of the mon-
odromy representation of G on the first homology group of the fibre are curious. For
example, if G is a finite group of odd order, then the classical Feit-Thompson the-
orem is equivalent to the map H1(E(2,G))G → H1(B(2,G)), where H1(E(2,G))G
denotes the module of coinvariants under the monodromy action, failing to be sur-
jective. Properties of the monodromy representation may be interesting, but are cur-
rently not well understood [2, 28]. This setting suggests that the spaces B(2,G)
contain compelling information. Thus a categorical interpretation is given here in
section 9.
Much beautiful work has been done by many people, some of whom are not
mentioned here because of the brevity of this article. Some of this work is surveyed
below.
2 Spaces of homomorphisms and their topology
Let pi be a finitely generated discrete group with n generators x1, . . . ,xn. Then
a homomorphism f ∈ Hom(pi ,G) is determined by the images of the generators
x1, . . . ,xn in G. Thus there is the natural identification of a homomorphism f with
the n-tuple ( f (xi), . . . , f (xn)) using the natural inclusion
Hom(pi ,G) →֒ Gn.
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The space of homomorphisms can be endowed with the subspace topology of Gn.
Equivalently, this association of the subspace topology can be seen from a choice of
surjection from the free group with n letters to pi
Fn → pi ,
which induces an injection on the level of spaces
Hom(pi ,G) →֒Hom(Fn,G) = Gn.
In particular, the image of this inclusion is homeomorphic to Hom(pi ,G) in case G
is a Lie group. The space Hom(pi ,G) is regarded as a pointed space with base-point
given by the constant function f0 with f0(x) = 1G ∈ G, for all x ∈ pi .
3 Path-components and fundamental groups
V. Kac and A. Smilga [19] addressed the number of path-components in the case of
Hom(Zn,G) for G = Spin(7). The number of path components for the case when
G = SO(k), or O(k) was calculated by G. H. Rojo [25]. He shows that if k is large
enough, the number of path components of Hom(Zn,G) no longer depends on k.
Applying the classifying space functor gives a map
B : Hom(pi ,G)→Map∗(Bpi ,BG),
for which each group homomorphism f gives a pointed map B f : Bpi → BG. It
should be noted that if G is compactly generated as a topological space, then the
classifying space functor is a continuous functor, thus B is continuous [29].
Applying pi0, the path components, there is an induced map B0
B0 : pi0(Hom(pi ,G))→ [Bpi ,BG],
where the homotopy classes of maps [Bpi ,BG] is in one-to-one correspondence with
all principal G-bundles over Bpi . Hence, properties of pi0(Hom(pi ,G)) inform on
principal G-bundles over Bpi , even though the map B0 is neither an injection nor a
surjection, in general.
Moreover, the space of homomorphisms can exhibit curious properties such as
being disconnected even if G is 1-connected. The case for which every abelian sub-
group of a compact and connected Lie group G can be conjugated to a subgroup of
the maximal torus T of G is special. In this case, the space of ordered commuting
n-tuples Hom(Zn,G) is path-connected as given in [1, Proposition 2.3].
A related natural conjecture was that if G is a finite, discrete group, then B(2,G)
is a K(pi ,1) based on examples in [2]. C. Okay in his thesis [23] gave a counter-
example in the special case where G is an extra-special 2-group of order 32.
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More recent work of S. Lawton and D. Ramras [20] addressed the fundamen-
tal group of the character variety of Hom(pi ,G)/Gad where pi is the fundamental
group of a compact orientable surface. Tom Baird studied the individual spaces
Hom(Zn,G) via the Leray spectral sequence of the inclusion Hom(Zn,G) →֒ Gn,
where G is a compact Lie group [6]. Baird gave the additive structure for the ratio-
nal cohomology of Hom(Zn,G), which is also an isomorphism of graded rings, in
case G is compact, and connected.
4 Commuting elements for non-compact G
Suppose that pi =Zn and that G is a reductive algebraic group. A. Pettet and J. Souto
[24] showed that if K is a maximal compact subgroup of a reductive algebraic group
G, then the inclusion
Hom(Zn,K)⊂ Hom(Zn,G)
is a strong deformation retract. This result has been generalized by M. Bergeron [8]
to finitely generated nilpotent groups. One of the corollaries of [24] is the isomor-
phism
pi1(Hom(Zn,G))∼= pi1(G)n,
which was first proven in [17]. Therefore we will usually restrict attention to G given
by a compact and connected Lie group.
The above feature is special for the case of Hom(Zn,G). Namely, if K is a maxi-
mal compact subgroup of G, the natural map Hom(pi ,K)→Hom(pi ,G), where K is
the maximal compact subgroup of G, may not induce an isomorphism on the set of
path-components. Many such examples arise with G = PSL(2,R), and K = SO(2)
where pi is given by the fundamental group of a closed, orientable surface of genus
g > 1. Other examples arise by setting G = PSL(2,C) with K = SO(3) and pi equal
to certain mapping class groups [1].
5 Stable decompositions
A general method of stabe decompositions was given in [1]. It was shown in [1,
Theorem 1.6] that the space Hom(Zn,G) admits a stable decomposition as a wedge
sum of certain spaces resembling a fat wedge with appropriate definitions given
next.
Definition 1. Define Sk(G) ⊂ Hom(Zk,G) to be the subspace of ordered n-tuples
having at least one coordinate equal to the identity element. Define
Ĥom(Zk,G) = Hom(Zk,G)/Sk(G).
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It was observed in [1] that the inclusion Sk(G)⊂ Hom(Zk,G) is a cofibration in
case G is a Lie group. Thus there is a cofibre sequence
Sk(G)→Hom(Zk,G)→ Ĥom(Zk,G).
This basic point-set topological property is useful in what follows.
Theorem 1 ([1, Theorem 1.6]). Assume that G is a closed subgroup of GLm(C).
Then (i) the cofibre sequence Sk(G)→Hom(Zk,G)→ Ĥom(Zk,G) after suspending
once is split, and (ii) there is a homotopy equivalence
Σ (Hom(Zn,G))→
∨
1≤k≤n
Σ
∨
(nk)
Ĥom(Zk,G)
 .
This decomposition follows from the natural decomposition of Hom(A×B,G)
where A, and B are discrete groups. This observation is addressed in Lemma 2 below.
The spaces Hom(Zn,G) can be assembled to form a new space called Comm(G)
as a subspace inside the free associative monoid generated by G, the James reduced
product J(G) of G [18], as follows.
Definition 2 ([27, Definition 1.1]). Let G be a topological group. Define
Comm(G) =
(⊔
k≥0
Hom(Zk,G)
)
/∼
where (i) Hom(Z0,G) = {1G}, and (ii) the equivalence relation ∼ is generated by
the relation
(g1, . . . ,gk)∼ (g1, . . . , ĝi, . . . ,gk) if gi = 1G.
One feature of the space Comm(G) is that it can be regarded as a universal
construction which contains all of the spaces Hom(Zk,G), for all k, and is also
computationally tractable. Namely, homological properties of the individual spaces
Hom(Zn,G) are obtained directly from Comm(G). That follows as Comm(G) ad-
mits a stable decomposition which directly implies information about Hom(Zk,G)
for all k. In addition, an equivariant function space is given below which gives the
homology groups of Comm(G).
Theorem 2 ([27, Theorem 1.12]). Let G be a Lie group. Then there is a homotopy
equivalence
Σ(Comm(G))→
∨
n≥1
Σ(Ĥom(Zn,G)).
The statement of Theorem 2 is that the suspension of Comm(G) contains exactly
one copy of the suspension of the quotient
Ĥom(Zn,G) = Hom(Zn,G)/Sn(G)
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that appears in the decomposition of Σ(Hom(Zn,G)), for each integer n > 0.
Corollary 1. Let G be a Lie group, and let E∗(−) be any reduced homology theory.
Then there are isomorphisms
1. E∗(Comm(G))→⊕1≤ j<∞E∗(Ĥom(Z j,G)), and
2. E∗(Hom(Zn,G))→⊕1≤ j≤n⊕(nj) E∗(Ĥom(Z
j ,G)).
Next assume that G is a compact and connected Lie group with maximal torus
T , and Weyl group W such that Comm(G) is path-connected. Then the homology
groups of Comm(G) are organized into a relatively simple construction. Let T[V ]
denote the tensor algebra generated by the module V where all modules are assumed
to be free over the ring R = Z[1/|W |]. With these conditions on G, for which the
order of the Weyl group is a unit in ungraded singular reduced homology H∗(−;R),
then the following holds where UH∗(X ;R) denotes ungraded homology.
Corollary 2. Let G be a compact and connected Lie group with maximal torus T ,
and Weyl group W such that Comm(G) is path-connected. Consider ungraded sin-
gular reduced homology UH∗(−;R) where R is the ring R = Z[1/|W |]. Then the
ungraded homology UH∗(Comm(G);R) is a free module over R = Z[1/|W |] which
is isomorphic to T(H˜∗(T ;R)).
This corollary follows from Theorem 8 and is restated more generally in Section
8 (see also [12, Theorem 1.17]). Some examples are the exceptional Lie groups
G2, F4, E6, E7, E8 and SU(n),U(n), Sp(n), Spin(n), where the ungraded rational
homology of Comm(G) is isomorphic to a tensor algebra generated by a module
of rank equal to the rank of the reduced rational homology of the maximal torus.
A more precise hold on Comm(G) will be discussed in the next few sections.
For example, the next theorem exhibits an equivalence from an equivariant function
space to Comm(G).
Theorem 3. If G is compact, simply-connected Lie group, then there is a map
G×NT ΩΣ(T )→Comm(G),
which induces an equivalence in homology after the order of the Weyl group W has
been inverted. Thus the cohomology of Comm(G) with the order of W inverted is the
ring of W-invariants in the cohomology of
G/T ×ΩΣ(T ).
T. Baird gave the first computation of the rational homology of Hom(Zk,G) in
case G is simply-connected, and compact in [6]. D. Sjerve, and E. Torres-Giese gave
(i) a complete computation for the homology of Hom(Zk,G) in case G= SU(2), and
(ii) they also gave a stable decomposition in terms of Thom spaces of multiples of
the classical Hopf line bundle over RP2 [26]. T. Baird, L.Jeffrey, and P. Selick gave
an independent analogous result [7].
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6 Related constructions associated to G
Suppose that pi = Fn/Γ q where Γ q denotes the q-th stage of the descending central
series for Fn. Then there is a generalization of Comm(G) as follows.
Definition 3 ([27, Definition 1.1]). Let G be a topological group. Define
X(q,G) =
(⊔
k≥1
Hom(Fn/Γ q,G)
)
/∼
where the relation ∼ is generated by the relation
(g1, . . . ,gk)∼ (g1, . . . , ĝi, . . . ,gk) if gi = 1G.
Note that X(2,G) =Comm(G). A natural filtration of J(G) is obtained
X(2,G)⊂ X(3,G)⊂ ·· · ⊂ X(q,G)⊂ ·· · ⊂ J(G).
There are analogues where (i) the descending central series is replaced by the mod-p
descending central series, or (ii) Fn is replaced by either the pro-finite completion,
or pro-p completion. Similar results are satisfied, but not addressed here.
Little is known about the features of X(q,G) at the moment other than the exis-
tence of a similar stable decomposition as in the case of Comm(G). Namely, each
such space of homomorphisms Hom(Fn/Γ q,G) again splits after suspending into
(1) a “singular summand”, and (2) a complementary part. The next Theorem was
stated, but without full details of proof in [1]. It was proven by B. Villarreal (private
communication) noting that the ”singular set” Sk(G) ⊂ Hom(Fn/Γ q,G) is a closed
subspace of a real algebraic set which is triangulable.
Theorem 4. Assume G is a closed subgroup of GLm(C). Then there is a homotopy
equivalence
Σ (Hom(Fn/Γ q,G))→
∨
1≤k≤n
Σ
∨
(nk)
Hom(Fk/Γ q,G)/Sk(G)
 .
where Sk(G)⊂ Hom(Fk/Γ q,G) is equal to the subset with elements having at least
one coordinate the identity element.
The next decomposition was given in [27, 12]:
Theorem 5 ([27, 12]). Let G be a Lie group. Then there is a homotopy equivalence
Σ(X(q,G))→
∨
n≥1
Σ(Hom(Fn/Γ q,G)/Sn(G)).
One compelling reason for considering these spaces is that their homology pro-
vides interesting representations of Aut(Fn/Γ q) especially interesting in case G is a
finite group. Related problems are considered in the problem section here.
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7 Approximations of Comm(G)
For any abelian subgroup A⊂ G, there is a map
G×An →Hom(Zn,G)
(g,g1, . . . ,gn) 7→ (g
g
1, . . . ,g
g
n)
gotten by conjugating the n-tuple (g1, . . . ,gn) by g. This map factors through the
quotient obtained from the natural action of the normalizer NA of A to give a map
G×NA An →Hom(Zn,G).
Finally, applying the construction of Definition 2 one obtains a map
α : G×NA J(A)→Comm(G),
which is central to our study of the spaces Hom(Zn,G) for the case when A is
the maximal torus T of G. Let W be the Weyl group of G defined as the quotient
W = NT/T . Then the map α can be rewritten as
α : G/T ×W J(T )→Comm(G).
Now let Hom(Zn,G)1 denote the path component of the trivial homomorphism.
Define Comm(G)1 to be the space
Comm(G)1 =
(⊔
n≥1
Hom(Zn,G)1
)
/∼
with the same relation. Then the map α restricted to Comm(G)1 is a surjection. The
space G×NT J(T ) also admits stable decomposition of an equivariant function space
[27, Theorem 1.9] as follows.
Theorem 6 ([27, Theorem 1.13]). Let G be a Lie group. Then there are homotopy
equivalences
Σ
(
G×NT J(T )
)
→ Σ
(
G/T ∨
∨
q≥1
(G×NT T̂ q)/(G/NT )
)
,
where T̂ q is the q-fold smash product of T .
With theorems 2 and 6 one can show the following.
Theorem 7 ( [27, Theorem 1.13]). Let G be a compact Lie group. Then the map
α : G/T ×W J(T )→Comm(G)1
induces an isomorphism in homology if the order of the Weyl group is inverted.
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Thus Comm(G) can be approximated by simultaneously conjugating products of
the maximal torus T , equivalently by conjugating elements of J(T ). This description
of Comm(G) and the approximation allow for a direct investigation of the spaces
Hom(Zn,G) individually. In particular, the additive homology of these spaces can
be obtained this way as shown in the next section.
8 Homological results
Recall that the map α : G/T ×W J(T )→Comm(G)1 induces an equivalence in ho-
mology if the order of the Weyl group is inverted. Therefore one obtains the ho-
mology of Comm(G)1 with coefficients in R = Z[|W |−1] from the homology of
G/T ×W J(T ), where Z[|W |−1] is the ring of integers with the order of the Weyl
group inverted. Let R[W ] denote the group ring, and let V be the reduced homology
of T as an R[W ]-module with T[V ] the tensor algebra of V . Using the Leray-Serre
spectral sequence for homology, the homology of Comm(G)1 with coefficients in R
is obtained as follows.
Theorem 8. Let G be a compact and connected Lie group with maximal torus T
and Weyl group W. Then there is an isomorphism in homology
H∗(Comm(G)1;R)∼= H∗(G/T ;R)⊗R[W ] T[V ].
Note that in Theorem 8, if the grading of homology is not considered, namely,
ungraded homology is taken, where the order of the Weyl group is inverted, then
the ungraded homology of the flag variety G/T , denoted UH∗(G/T ), is isomor-
phic as an R[W ]-module to the group ring RW itself [6]. Let UH∗(X ;R) denote
the ungraded homology of the space X , the usual singular homology, but regraded
with UH∗(X ;R) = ⊕0≤ jH j(X ;R). Since Comm(G)1 is not necessarily equal to
Comm(G), Corollary 2 is a special case of the following immediate corollary of
Theorem 8.
Corollary 3. There is an isomorphism in ungraded homology given by
UH∗(Comm(G)1;R)∼= T[V ].
Thus the homology groups of Comm(G) with real coefficients are, roughly speak-
ing, reassembling the tensor algebra by regrading the tensor algebra.
Definition 4. Consider cohomology of Comm(G) with real coefficients. A tri-graded
Poincare´ series
∑
i, j,m
A(i, j,m)qis jtm
is defined for the real cohomology of Comm(G)1 obtained from the module of in-
variants
10 F. R. Cohen and M. Stafa(
H∗(G/T ;R)⊗T∗[V ]
)W
.
Here T∗ denotes the dual of the tensor algebra, and the coefficient A(i, j,m) is the
rank of the invariants of the module obtained by tensoring the i-degree cohomology
of G/T with the dual of an m-fold tensor in H∗(J(T );R) = T[V ] in homological
degree j. Equivalently, this module H∗(G/T ;R)⊗T∗[V ] is given as a direct sum of
modules
M(i, j,m) = ∑
j=k1+···+km
kq>0
H i⊗ (Λ k1Rn⊗·· ·⊗Λ kmRn).
Consider cohomology with real coefficients. Denote the module H∗(G/T ;R)
by H. An application of Molien’s theorem gives the coefficients A(i, j,m) in the
Poincare´ series with the following closed form as worked out by Vic Reiner in the
appendix to [12].
Theorem 9 (Reiner [12, Theorem 1.20]). If G is a compact and connected Lie
group with maximal torus T and Weyl group W, then the tri-graded Poincare´ series
of Comm(G) is
P((H⊗T∗[V ])W ;q,s, t)
=
∏ni=1(1− q2di)
|W | ∑w∈W
1
det(1− q2w)(1− t(det(1+ sw)− 1)).
A corollary of this theorem gives the reduced homology of all spaces Hom(Zn,G)
with coefficients in R.
Corollary 4. Let G be a compact and connected Lie group. Then the reduced coho-
mology of Hom(Zm,G) is given additively by
H˜d(Hom(Zm,G);R)∼= ∑
1≤s≤m
∑
i+ j=d
 ∑
j=k1+···+ks
i≥0
⊕
(ms)
(
M(i, j,s)
)W .
9 The spaces B(q,G)
A special case of natural subspaces of the classifying space BG were defined in [2]
using Hom(Zm,G) as follows.
J. Milgram’s construction of BG is the geometric realization of a simplicial space
which has objects in degree n given by Gn [21]. The subspaces Hom(Zn,G) ⊂ Gn
are preserved by the face and degeneracy operations. Thus there is an associated
geometric realization denoted B(2,G) [2].
Similar constructions apply in the case of Hom(Fn/Γ q,G) to obtain a space
B(q,G). There are inclusions
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B(2,G)⊂ B(3,G)⊂ ·· · ⊂ BG.
Consider the homotopy theoretic fibre B(q,G)→ BG to obtain a fibration
E(q,G)→ B(q,G)→ BG.
The Serre exact sequence for the fibration
E(q,G)→ B(q,G)→ BG
has several natural properties. Namely, consider the associated Serre exact sequence
H1(E(q,G))G →H1(B(q,G))→H1(BG)→ 0.
If G is finite and odd order, then the map H1(E(q,G))G → H1(B(q,G)) is not a
surjection. However the action of G on H1(E(q,G)) is still not well-understood, and
an independent proof of the previous fact is not known. One problem is listed below
concerning this action.
In addition, recall that Milnor showed that if X is a path-connected CW-complex,
then there is a topological group G(X) such that BG(X) has the homotopy type of
X [22]. Thus the spaces B(q,G(X)) give a new filtration of any connected CW-
complex X
B(2,G(X))→ B(3,G(X))→ ··· → BG(X)≃ X .
Properties of this filtration as well as other related filtrations were introduced in [2].
One immediate corollary follows next, see also [2, Theorem 6.3] for a proof.
Corollary 5. Let G(X) denote a topological group whose classifying space is ho-
motopy equivalent to X, a path-connected finite CW-complex. Then the looped maps
Ω(B(q,G(X)))→Ω(BG(X)) all have a section up to homotopy.
The spaces B(2,G) and their generalizations have several further properties de-
scribed here. The cohomology of B(2,G) with the order of the Weyl group inverted
was described in [2]. Examples were given by transitively commutative groups, and
Suzuki groups.
Adem and Gomez [3, Definition 2.1] give the next definition.
Definition 5. Assume that X is a CW-complex. A principal G-bundle q : E → X is
transitionally commutative provided there is an open cover {Ui | i ∈ I} of X such
that the bundle q : E → X restricted to Ui is trivial, and the transition functions
ρ(i, j) : Ui∩U j →G
commute when they are defined simultaneously.
Theorem 10 ([3, Theorem 2.2]). Suppose that G is a Lie group. Let f : X → BG
denote the classifying map of a principal G-bundle q : E → X over the finite CW-
complex X . Then up to homotopy, f factors through B(2,G) if and only if there
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is an open cover of X on which the bundle is trivial over each open set and such
that on intersections the transition functions commute when they are simultaneously
defined, i.e. q is transitionally commutative.
A beautiful theorem of Adem, Gomez, Lind, Tillmann [4] follows next.
Theorem 11 ([4, Theorem 1.1]). The spaces B(q,G) for
G = O,SO,U,SU,Sp
provide a filtration by E∞-ring spaces of the classical infinite loop spaces BSU, BU,
BSO, BO and BSp, respectively.
Recall the natural maps
Σn →O(n)
induce an infinite loop map
Ω ∞S∞ → Z×BO
closely tied to the J-homomorphism. Since this map may be chosen to be a homo-
morphism, there is an induced map
B(q,Ω ∞S∞)→ B(q,Z×BO).
It is reasonable to ask about the behavior of this map.
The purpose of the rest of this section is to give an extension of the construction
B(2,G) where G is replaced by a small category C to obtain a space denoted
B(2,C).
The methods are based on the article by M. Weiss [30]. This extension is also a
direct consequence of [3].
The classifying space of a topological group G is the geometric realization of the
simplicial space gotten from all ordered n-tuples of composable morphisms. The
space B(2,G) is analogous where all elements in an ordered n-tuple are required
to pairwise commute. Thus given any topological category C, there is an analogous
classifying space obtained from ordered n-tuples of composable elements which
themselves pairwise commute. Furthermore, these morphisms are endomorphisms
of the same object. The associated classifying space is denoted B(2,C).
Weiss considers the contravariant functors from C to the category of sets together
with natural transformations between these functors. The space BC classifies repre-
sentable sheaves over a topological space with stalks which are commutative dia-
gram of composable endomorphisms. In the process of proving this, Weiss refines a
C-set as contravariant functors from C to sets with the morphisms given by natural
transformations. The C-sets which are of the form b → morC(b,c) are said to be
representable.
There is a sheaf theoretic analogue of the definition stated next which Adem and
Gomez gave in [3, Definition 2.1].
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Definition 6. Assume that X is a CW-complex, and C is a small category. A C-sheaf
over q : E→ X is transitionally commutative provided there is an open cover of X
{Ui | i ∈ I} such that the sheaf q : E→ X restricted to Ui is trivial, and the transition
functions
ρ(i, j) : Ui∩U j → q−1(s ∈Ui∩U j)
commute when they are defined simultaneously.
Theorem 12. If C is a small category, the classifying space B(2,C) classifies repre-
sentable sheaves of C-sets over a topological space which are transitionally com-
mutative.
The proof of this is essentially that given in [30, 3].
10 Right-angled Artin groups
The purpose of this section is to demonstrate how earlier methods imply stable
decompositions for Hom(pi ,G), where pi is a finitely generated right-angled Artin
group.
Recall that a finitely generated right-angled Artin group is given by the funda-
mental group of the polyhedral product Z(K;(S1,∗)), where K is a finite simplicial
complex [5, 13, 28]. In particular, a presentation is given by generators x1, . . . ,xm
with relations [xi,x j] = 1 if and only if vertices i and j share an edge in K.
Write pi(K) for the fundamental group of Z(K;(S1,∗)). The fundamental groups
of Z(K;(S1,∗)) are all right-angled Artin groups. The group pi(K) is given by
a graph product of groups [13, 28]. In addition, if K is a flag complex, then
Z(K;(S1,∗)) is a K(pi ,1) [13, 28].
Definition 7. Let σ denote a maximal full face with m(σ) vertices. Namely, (i) σ
is a face which is abstractly a ( j− 1)-simplex ∆ [ j− 1] with j = m(σ) vertices as
a simplicial complex, and (ii) if σ is contained in any face τ in K, then σ = τ . Let
pi(σ) denote the fundamental group of Z(σ ;(S1,∗)) = (S1) j . Thus pi(σ) is a free
abelian group of rank m(σ) the number of vertices of σ . Let M(K) denote the set
of maximal full faces of K.
The next Lemma stated without proof is an observation, where ∗α Gα denotes the
free product of groups Gα .
Lemma 1. Let pi(K) denote the fundamental group of the polyhedral product Z(K;(S1,∗)).
Then there are surjections
∗σ∈M(K)pi(σ)→ pi(K),
and
∏
σ∈M(K)
pi(σ)→ Zm.
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The next Lemma gives general properties about Hom(pi ,G).
Lemma 2. Let G be a Lie group, and A,B,C be discrete groups. Then
1. The natural forgetful map
Hom(A∗B,G)→Hom(A,G)×Hom(B,G)
is a homeomorphism.
2. If f : A→C is a surjection, then the induced map
Hom(C,G)→ Hom(A,G)
is an embedding.
3. The group Aut(A)×Aut(G) acts naturally on Hom(A,G).
4. If G is simply-connected and compact, then Hom(Zn,G) is a closed subset of Gn.
5. The suspension Σ(Hom(A×B,G)) is homotopy equivalent to
Σ((Hom(A,G)∨ (Hom(B,G))∨W (A,B,G))
where W (A,B,G) depends on A,B,G.
One immediate consequence follows.
Corollary 6. Let G be a Lie group, and Ai = Zni , 1 ≤ i ≤ m. Then the space
Hom(∗1≤i≤mAi,G) is homeomorphic to ∏1≤i≤m Hom(Zni ,G).
Corollary 7. Let G be a Lie group. Let K be a finite simplicial complex, with pi(K)
the fundamental group of Z(K;(S1,∗)), and M(K) the set of maximal faces of K.
Then
Hom(pi(K),G)⊂ ∏
σ∈M(K)
Hom(pi(σ),G)
where pi(σ) is isomorphic to Zm(σ). Furthermore, there is a homotopy equivalence
Σ(Hom(pi(K),G))→ Σ(X)∨
∨
σ∈M(K)
Σ(Hom(Zm(σ),G))
for a space X = Hom(pi(σ),G)/∨σ∈M(K)(Hom(Zm(σ),G)).
Example 1. Let K be a flag complex with 6 vertices {1,2,3,4,5,6} and with maxi-
mal faces σ = {1,2,3}, τ = {4,5,6}, and ρ = {3,4}. Then Hom(pi(K),G) has the
following three spaces as a retract: Hom(pi(σ),G), Hom(pi(τ),G), and Hom(pi(ρ),G)
It follows by a direct computation that there is a homotopy equivalence
Σ(Hom(pi(K),G))→ΣX∨Σ(Hom(pi(σ),G))∨Σ(Hom(pi(τ),G))∨Σ(Hom(pi(ρ),G))
for some space X . Furthermore,
Hom(pi(K),G)=
(
Hom(pi(σ),G))×Hom(pi(τ),G))
)
∩
(
G2×Hom(pi(ρ),G)×G2
)
.
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Definition 8. Let M(K) denote the set of maximal full faces of K which has m
vertices. Let σ denote a maximal full face in M(K). Define
G(σ) = {(g1,g2, · · · ,gm) ∈ Gm| [gi,g j] = 1 for all i, j ∈ σ}.
Observe that
Hom(pi(K),G)⊂ G(σ)
for each σ ∈M(K). Thus Hom(pi(K),G)⊂
(⋂
σ∈M(K) G(σ)
)
. Also, observe that⋂
σ∈M(K) G(σ)⊂ Hom(pi(K),G) restated as a Theorem.
Theorem 13. If G is a compact Lie group, then
Hom(pi(K),G) =
⋂
σ∈M(K)
G(σ).
where, G(σ) is homeomorphic to Hom(Zt ,G)×Gm−t for some t by a homeomor-
phism which permutes coordinates, and Hom(Zt ,G) is a retract of Hom(pi(K),G)
for each σ ∈M(K), where σ has t vertices.
Corollary 8. If G is a compact Lie group, then
Gm−Hom(pi(K),G) =
⋃
σ∈M(K)
(
Gm−G(σ)
)
gives a Mayer-Vietoris spectral sequence abutting to the homology of
Gm−Hom(pi(K),G).
11 Problems
This section is a list of certain problems concerning the spaces constructed here.
1. Let G be a Lie group and C(G) be the space of closed subgroups of G as defined
in [11], and developed in Bridson-de la Harpe-Kleptsyn [10].
Definition 9. The Chabauty topology on C(G) is defined by giving a basis of
neighborhoods for a closed subgroup H ∈ C(G) by the subsets
VK,U (H) = {D ∈ C(G) : D∩K ⊂ HU and H ∩K ⊂ DU},
where K is compact in G and U is an open neighborhood of the identity 1 ∈ G.
A subspace of C(G) which is of interest is the space of abelian closed subgroups
A(G).
Describe the analogue of the Chabauty topology for closed, and maximal abelian
subgroups. Does Comm(G) admit a map onto this space? If there is such a map,
is it a quasi-fibration?
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2. Recall that an infinite loop space has the homotopy type of a topological group.
In view of the results of [4], it is natural to ask whether the spaces B(q,G) are
infinite loop spaces in more generality.
Do infinite loop maps induce infinite loops on the level of B(q,G)?
Replace G by a small category C. Does B(q,G) admit a natural extension to
B(q,C)? If so, what are the properties?
Is the homotopy type of B(q,G) independent of the multiplication in G where G
is an infinite loop space ? Note that BG is not an invariant of the homotopy type
of G in general.
3. Any reasonable space X is the classifying space of a group G(X). What does
B(q,G(X)) look like? This construction thus gives a new filtration of X . It is
natural to ask whether this filtration impacts the space X in a useful way. For
example, is this filtration a homotopy invariant?
4. Fix a discrete group G, and ask which representations of Aut(pi) occur in the nat-
ural action on Hom(pi ,G). If G is finite, and pi is finitely generated, this process
gives permutation representations of Aut(pi).
An example is given next from unpublished work of Shiu-Chun Wong, Jie Wu
and the first author given by families of two-stage nilpotent finite groups Γ which
are quotients of Aut(Fn), but where the quotient map does not factor through
GL(n,Z) for n > 1.
For instance, the quotient of the free group of rank 2 by the third stage of its
descending central series, denoted F2/Γ 3, is a quotient of Aut(F2) by the usual
action. Requiring the generators of F2/Γ 3, say x,y, to have order p as well as
[x,y] to have order p, gives a group G of order p3. Checking Magnus’ well-
known presentation for Aut(F2), there is an induced epimorphism Aut(F2)→ G
where G is the group of order p3 defined earlier, for p> 3. Thus G is a quotient of
Aut(F2) by a check of the classical presentation, but not a quotient of GL(2,Z).
Which finite groups are quotients of Aut(F2) obtained from the natural action on
the finite set Hom(F2,G) for G finite? It is classical that PGL(2,Fq) is such a
quotient where Fq denotes a finite field.
Does anything “new” occur when considering the action of Aut(F2/Γ q) on
Hom(F2/Γ q,G)?
Let ˆFn denote the pro-finite completion of the free group on n letters. Let G
denote a finite group. Thus Aut( ˆFn) acts naturally on Hom( ˆFn,G). Are all finite
groups given by quotients of this action? Which finite groups occur as quotients
of Aut( ˆF2) acting on the set Hom( ˆF2,G) in this setting? Observe that there are
finite groups which are quotients of Aut(F2), but not quotients of GL(2,Z).
There are natural representations of Aut( ˆFn) on the homology of the space
Hom( ˆFn,G). What are these representations?
5. Give information about the monodromy representations for
B(q,G)→ BG.
Show that the map H1(E(q,G))G →H1B(q,G) is not onto if G is of odd order.
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